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QUANTUM j-INVARIANT IN POSITIVE CHARACTERISTIC II:
FORMULAS AND VALUES AT THE QUADRATICS
L. DEMANGOS AND T.M. GENDRON
Abstract. In this sequel to [2], the multi-valued quantum j-invariant in pos-
itive characteristic is studied at quadratic elements. For every quadratic f , an
explicit expression for each of the values of jqt(f) is given as a limit of rational
functions of f . It is proved that the number of values of jqt(f) is finite.
1. Introduction
Let Fq be the field with q elements, q = p
r a prime power, k = Fq(T ) the func-
tion field over Fq, k∞ the completion of k with respect to the valuation v(f) =
− degT (f). In [2], the quantum j-invariant was introduced as a multi-valued mod-
ular function
jqt : GL2(A)\k∞ ⊸ k∞ ∪ {∞}
obtained as the limit of a sequence of approximating functions
jε : k∞ −→ k∞ ∪ {∞}(1)
as ε → 0. Explicit formulas for the approximants (1) in terms of the sequence
{qi} ⊂ A of best approximations of f were obtained and using them, it was shown
that f ∈ k if and only if eventually jε(f) =∞.
In this paper we consider jqt(f) in the special case of f ∈ k∞ quadratic. Here
we are able to derive explicit formulas not just for the approximants but for all the
values of jqt(f), each of which expressed as a limit of certain rational functions of
f . Using these formulas we are able to prove that for f quadratic, #jqt(f) <∞.
In what follows, we fix notation used in [2].
2. Values at Quadratic Units
Fix a ∈ A− Fq, b ∈ F×q with
d := deg a > 0
and write D = a2+4b. The solutions f, f ′ of X2− aX − b = 0 are quadratic units,
and every quadratic unit in k∞ − k occurs in this way. Since ff ′ = −b, we have
|ff ′| = 1. Moreover, since f + f ′ = a, we have as well that |f |, |f ′| 6= 1. Therefore,
if we assume that |f | > 1, then
|f | = |a| = qd > 1 and |f ′| = |b/a| = q−d < 1.
Consider the recursive sequence
Q0 = 1, Q1 = a, . . . , Qn+1 = aQn + bQn−1.
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Note that when b = 1, Qn = qn is the sequence of best approximations for f =
[a, a, . . . ]; see §3 of [2]. It is clear that for all n
|Qn| = |a|n = qdn.
Recall Binet’s formula
Qn =
fn+1 − (f ′)n+1√
D
, n = 0, 1, . . . .
which, while usually stated over Q, is equally true in this setting, by a very simple
induction on n. The root
√
D is chosen so that in odd characteristic, f = (a +√
D)/2; in even characteristic, we simply take
√
D = a.
Recall that ‖x‖ = distance of x to the nearest element of A; see [2], §2 for this
and other relevant notation. Binet’s formula immediately gives
‖Qnf‖ = q−(n+1)d :(2)
indeed,
|Qnf − Qn+1| = |f
′|n+1|f − f ′|
|√D| = |f
′|n+1 = q−(n+1)d < 1.(3)
In particular, Q⊥n = Qn+1, where λ
⊥ denotes the element of A closest to λf .
The remainder of this section is devoted to deriving an explicit formula for each
value of jqt(f). In view of our need to work with monic polynomials, we make
the following modification to the above sequence. For each n, we write Q¯n for the
unique monic polynomial obtained as cnQn for some cn ∈ F×q . Then |Q¯n| = |Qn| and
‖Q¯nf‖ = ‖Qnf‖ since Q¯⊥n = cnQ⊥n . (N.B. Q¯⊥n is not necessarily monic.) Note that if
we choose c ∈ F×q so that ca is monic then cn = cn. It follows from Binet’s formula
that
Q¯n = c
n f
n+1 − (f ′)n+1√
D
=
f¯n+1 − (f¯ ′)n+1
c
√
D
, f¯ := cf, f¯ ′ := cf ′.(4)
The set
B = {T d−1Q¯0, . . . , T Q¯0, Q¯0;T d−1Q¯1, . . . , T Q¯1, Q¯1; . . . }(5)
is a basis for A as an Fq-vector space: as the degree map deg : B → N = {0, 1, . . .}
is a bijection. The order in which we have presented the elements of B corresponds
to decreasing errors: for 0 ≤ l ≤ d− 1 and n ≥ 0
‖T lQ¯nf‖ = |T lQ¯nf − T lQ¯n+1| = ql−(n+1)d < 1.(6)
In particular, (T lQ¯n)
⊥ = T lQ¯⊥n , and the map
B −→ q−N, T lQ¯n 7−→ ‖T lQ¯nf‖(7)
defines a bijection between B and the set of possible errors.
Write
B(i) = {T d−1Q¯i, . . . , Q¯i}
for the ith block of B. Furthermore, for 0 ≤ d˜ ≤ d− 1, denote
B(i)d˜ = {T d˜Q¯i, . . . , Q¯i}.
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Lemma 1. Let l ∈ {0, . . . , d− 1} and write
dl = d− 1− l.
Then
Λq−Nd−l(f) = spanFq (B(N)dl ,B(N + 1), . . . ).
Proof. First observe that
span
Fq
(B(N)dl ,B(N + 1), . . . ) ⊂ Λq−Nd−l(f).
Indeed, for T d˜Q¯N+r with d˜ ≤ d− 1, and d˜ ≤ dl if r = 0, we have
‖T d˜Q¯N+rf‖ ≤ qdl · q−(N+1)d = q−Nd−l−1 < q−Nd−l.
Moreover, by (6), Λq−Nd−l(f) contains no other elements of B. In view of the
bijection (7), no linear combination of the excluded basis elements could appear in
Λq−Nd−l(f). This proves the equality in the statement of the Lemma. 
We recall the main definitions established in [2]. For each ε, Λmon
ε
(f) is the
subset of monic polynomials in Λε(f). We defined
ζf,ε(n) :=
∑
λ∈Λmon
ε
(f)−{0}
λ−n, n ∈ N,
and
jε(f) =
1
1
T q−T − Jε(f)
,
where
Jε(f) =
T q
2 − T
(T q − T )q+1 · J˜ε(f), J˜ε(f) :=
ζf,ε(q
2 − 1)
ζf,ε(q − 1)q+1 .
Then jqt(f) is the set of limits of jε(f) for ε → 0. It follows from Lemma 1 that
to calculate the values of jqt(f), it suffices to consider the possible limits of jε(f)
formed from the spans of the initial truncations of B.
Let ε = q−Nd−l. As in [2], we decompose
Λmonε (f) = Λ
bas
ε (f)
⊔
Λnon−basε (f)
where
Λbasε (f) = {B(N)dl ,B(N + 1), . . . }
and
Λnon−bas
ε
(f) = Λmon
ε
(f)− (Λbas
ε
(f) ∪ {0}) .
Any element λ ∈ Λnon−bas
ε
(f) may therefore be written in the form
λ = c0(T )Q¯N + c1(T )Q¯N+1 + · · ·+ cm(T )Q¯N+m,
where the ci(T ) ∈ A are polynomials that are not all zero and satisfy the following
conditions
I. cm(T ) is monic and if λ = cm(T )Q¯N+m, cm(T ) 6= T j for all j ≤ d− 1.
II. deg(ci(T )) ≤ d− 1, i = 0, . . . ,m.
III. deg(c0(T )) ≤ dl.
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In view of this characterization, sums over λ ∈ Λnon−bas
ε
(f) may be understood as
sums indexed by tuples c0(T ), . . . , cm(T ) subject to conditions I, II and III, and so
we will abbreviate ∑
Conditions
I,II,III
:=
∑
Λ
non−bas
ε
(f)
.
Using this notation, we may now express
J˜ε(f) =
∑
λ∈Λbas
ε
(f) λ
1−q2 +
∑
Conditions
I,II,III
(∑m
i=0 ci(T )Q¯N+i
)1−q2
(∑
λ∈Λbas
ε
(f) λ
1−q +
∑
Conditions
I,II,III
(∑m
i=0 ci(T )Q¯N+i
)1−q)q+1 .(8)
Write
ζT,l(n) := 1 + T
−n + · · ·+ T−ndl , ζT (n) := ζT,0(n),
then define
Hl(n) := ζT,l(n) +
∑
Conditions I,II,III
c0(T )6=0
(
m∑
i=0
ci(T )f¯
i
)−n
and
H(n) :=
ζT (n)
f¯n − 1 +
∑
Conditions
I,II
(
m∑
i=1
ci(T )f¯
i
)−n
.
Now let
J˜(f)l :=
Hl(q
2 − 1) +H(q2 − 1)
(Hl(q − 1) +H(q − 1))1+q
.
Note that J˜(f)l converges: indeed both numerator and denominator have absolute
value 1, and |J˜(f)l| = 1. Finally, we write
J(f)l :=
T q
2 − T
(T q − T )q+1 · J˜(f)l.
Theorem 1. Let f be a quadratic unit which is a solution of X2 − aX − b with
deg a = d > 0 and deg b = 0. Then jqt(f) has precisely d = deg a = logq |
√
D|
values, and they are
jqt(f) =
{
j(f)l :=
1
1
T q−T − J(f)l
}d−1
l=0
.
Proof. The conjugate solution satisfies f ′ = −bf−1 with b ∈ F×q , so f ′ is GL2(A)-
equivalent to f , hence by modularity, jqt(f ′) = jqt(f). Thus, in what follows, we
will suppose f satisfies |f | > 1. As above, ε = q−Nd−l. We begin by noting that
∑
λ∈Λbas
ε
(f)
λ−n = ζT,l(n)Q¯
−n
N + ζT (n)
∞∑
i=1
Q¯−nN+i.
Then if we define
HN,l(n) := ζT,l(n)Q¯
−n
N +
∑
Conditions I,II,III
c0(T )6=0
(
m∑
i=0
ci(T )Q¯N+i
)−n
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and
HN (n) := ζT (n)
∞∑
i=1
Q¯
−n
N+i +
∑
Conditions
I,II
(
m∑
i=1
ci(T )Q¯N+i
)−n
,
we may re-write (8) as
J˜ε(f) =
HN,l(q
2 − 1) +HN (q2 − 1)
(HN,l(q − 1) +HN (q − 1))q+1
.(9)
Replace in (9) each Q¯N+i by (f¯
N+i+1−f¯ ′N+i+1)/c
√
D using (4): equivalently (since
the numerator and denominator of (9) have homogeneous degree 1 − q2) we may
omit the constant 1/c
√
D and simply replace Q¯N+i by f¯
N+i+1 − f¯ ′N+i+1. Then
dividing out the numerator and denominator by f¯ (1−q
2)(N+1) yields
J˜ε(f) =
HˆN,l(q
2 − 1) + HˆN (q2 − 1)(
HˆN,l(q − 1) + HˆN (q − 1)
)q+1 ,(10)
where
HˆN,l(n) :=ζT,l(n)
(
1− (f¯ ′/f¯)N+1)−n
+
∑
Conditions I,II,III
c0(T )6=0
(
m∑
i=0
ci(T )f¯
i
(
1− (f¯ ′/f¯)N+i+1)
)−n
and
HˆN (n) :=
{
ζT (n)
∞∑
i=1
f¯−ni
(
1− (f¯ ′/f¯)N+i+1)−n
+
∑
Conditions
I,II
(
m∑
i=1
ci(T )f¯
i
(
1− (f¯ ′/f¯)N+i+1)
)−n
.
Since |f¯ ′/f¯ | < 1,
1− (f¯ ′/f¯)N+i+1 −→ 1
as N →∞, uniformly in i, and it follows that
lim
N→∞
HˆN,l(n) = Hl(n), lim
N→∞
HˆN (n) = H(n)
and therefore
lim
N→∞
J˜q−Nd−l(f) = J˜(f)l.

Note 1. In the number field case, PARI GP experiments [3] performed on funda-
mental quadratic units θ indicate that jqt(θ) appears to have D values, where D
is the corresponding fundamental discriminant.
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3. Arbitrary Real Quadratics
Let h ∈ k∞ − k be an arbitrary quadratic. By the Dirichlet Unit Theorem [1],
the group of units in the quadratic extension k(h) is isomorphic to F×q × Z. Thus
there exists a unit f such that k(h) = k(f), i.e., h can be written in the form
h =
x+ yf
z
, x, y, z ∈ A,(11)
where f satisfies X2 − aX − b = 0, d = deg(a) > 0 and deg(b) = 0.
Note that for h and f as in (11) and ε satisfying |z|ε < 1, we have the following
inclusions of Fq-vector spaces
zΛ|y|−1ε(f) ⊂ Λε(h) ⊂ y−1Λ|z|ε(f).(12)
The first inclusion follows upon noting that if zλ ∈ zΛ|y|−1ε(f) we have
‖(zλ)h‖ = |(zλ)h− (yλ⊥ + λx)| = |λ(x+ yf)− (yλ⊥ + λx)| = |y||λf − λ⊥| < ε.
The second inclusion follows from noting that if λ ∈ Λε(h), yλ ∈ Λ|z|ε(f), as
‖(yλ)f‖ = |(yλ)f − (λ⊥z − λx)| = |λ(zh− x)− (λ⊥z − λx)| = |z||λh− λ⊥| < |z|ε.
Lemma 2. The inclusion of Fq-vector spaces
zΛ|y|−1ε(f) ⊂ Λε(h)
has index bounded by a constant which depends only on y and z.
Proof. By (12), it suffices to show that the induced inclusion
zΛ|y|−1ε(f) ⊂ y−1Λ|z|ε(f)
is of index bounded by a constant which only depends on y, z. For any δ < 1,
denote
Λ2
δ
(f) := {(λ, λ⊥) ∈ A2| λ ∈ Λδ(f)}.
Note that the map λ 7→ (λ, λ⊥) induces an isomorphism Λδ(f) ∼= Λ2δ(f) of Fq-vector
spaces: this in fact follows from Proposition 1 of [2]. In turn, we obtain an induced
isomorphism of y−1-rescalings
y−1Λδ(f) ∼= y−1Λ2δ(f).
Taking δ = |z|ε, the corresponding isomorphism takes zΛ|y|−1ε(f) to zΛ2|y|−1ε(f).
Thus
y−1Λ|z|ε(f)/zΛ|y|−1ε(f) ∼= y−1Λ2|z|ε(f)/zΛ2|y|−1ε(f).
On the other hand, the natural map
y−1Λ2|z|ε(f)/zΛ
2
|y|−1ε(f) →֒ (y−1A)2/(zA)2
is injective: for if (λ1, λ
⊥
1 ), (λ2, λ
⊥
2 ) ∈ Λ2|z|ε(f) satisfy
y−1(λ1, λ
⊥
1 )− y−1(λ2, λ⊥2 ) = z(β1,β2) ∈ (zA)2,
then since z(β1,β2) ∈ y−1Λ2|z|ε(f) (being a difference of elements of the latter),
|(yzβ1)f − yzβ2| < |z|ε
which implies (β1,β2) ∈ Λ2|y|−1ε(f). Therefore the index of zΛ|y|−1ε(f) in y−1Λ|z|ε(f)
is bounded by dimFq((y
−1A)2/(zA)2). This proves the Lemma. 
Theorem 2. Let h ∈ k∞ − k be quadratic. Then #jqt(h) <∞.
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Proof. By Lemma 2, for each ε, we may find λ1,ε = 0, . . . , λr,ε ∈ Λε(h), r < M =
M(y, z), such that
Λε(h) =
[
zΛ|y|−1ε(f) + λ1,ε
]⊔ · · ·⊔[zΛ|y|−1ε(f) + λr,ε].(13)
Thus, we have
J˜ε(h) =
ζh,ε(q
2 − 1)
ζh,ε(q − 1)q+1 = −
∑
λ∈Λε(h)−0
λ1−q
2
(∑
λ∈Λε(h)−0
λ1−q
)q+1
= −
∑r
i=1
∑
λ∈Λ|y|−1ε(f)
(λ+ λi,ε/z)
1−q2
(∑r
i=1
∑
λ∈Λ|y|−1ε(f)
(λ+ λi,ε/z)1−q
)1+q .
By (12), for i 6= 1,
λi,ε ∈ y−1Λ|z|ε(f)− zΛ|y|−1ε(f),(14)
so we may write
λi,ε = y
−1
m′∑
j=m
cij,ε(T )Q¯i,(15)
where deg(cij(T )) ≤ d− 1 and m is the smallest index so that Q¯m ∈ Λ|z|ε(f). Note
that by (14) and Lemma 2, the difference m′ −m has a uniform bound which is
independent of ε. In particular, the set of all possible coefficients cij,ε(T ) is finite
in number.
Consider a sequence {q−Nd−l}N>1 of values for ε giving a limiting value for jqt(f)
as described in Theorem 1: recall that the limit is calculated by using Binet’s
formula to replace occurrences of Q¯N+i by f¯
N+i+1 in J˜ε(f) and dividing out by
f¯ (1−q
2)(N+1). We apply exactly the same process to J˜ε(h): and in view of (15) we
obtain approximations
z−1
λi,ε
f¯N+1
∼ (yz)−1
m′∑
j=m
cij,ε(T )f¯
j−N , m,m′ ≥ 0(16)
where deg cij,ε(T ) ≤ d− 1. Therefore, the set of possible limits of the z−1 λi,εf¯N+1 as
N →∞ is contained in the finite set
(yz)−1
n′∑
j=−n
cj(T )f¯
j
∣∣∣∣∣∣ deg(cj(T )) ≤ d− 1


where n′ + n = m′ −m. Thus, within the family {ε = q−Nd−l}N>1, there are only
finitely many possible limits of sub-sequences of {J˜ε(h)} giving rise to elements of
jqt(h). This proves the Theorem. 
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